All liquid products derived from fruit are biphasic systems composed of solid particles dispersed in an aqueous medium. Some exhibit Newtonian behaviour, but most of them display pseudoplastic behaviour; sometimes it shows initial flow resistance and/or time-dependent flow. This article presents a solution of an inverse problem to estimate the rheological properties of mango pulp (Mangifera indica). The direct problem was solved using the Mizrahi-Berk equation with three parameters to determine the consistency index (K M ), the fluid behaviour index (n M ), and the square root of yield stress (K OM ). The objective was to determine the rheological properties of mango pulp by solving an inverse problem with parameter estimated using the Levenberg-Marquardt method. The inverse method provided accurate estimations of the rheological parameters, considering that the experimental and theoretical residual shear stress curves were quite small.
Introduction
The rheology of foods is defined as the study of deformation of raw materials, intermediate products, and final products in the food industry. [1, 2] Determining the rheological properties of foods helps control the quality of products and enables a better understanding of their structure. This is required to simulate any process involving the flow of these products. [3] [4] [5] According to Bourne [2] and Faorini, [6] determining the deformation and flow properties of foods is important to design equipment such as pumps, pipes, belts, spray devices, etc., and to obtain information about the structure of food or the conformation of its molecular constituents, especially its macromolecular constituents. Gomes and Penna [1] reported that prior knowledge about these properties enables measurements that are helpful in the evaluation of sensory attributes pertaining to the product's texture. Based on these measurements, industrial production processes of a particular food product can be modified to improve the end product, considering the consumer's preferences with regard to texture parameters.
The scantiness of data about the physical properties of tropical fruit pulps and particularly about their rheological behaviour has led the domestic industry to apply processing conditions to the pulp manufacturing process that are similar to those used in the production of orange juice. [7] However, pulp and juice have different properties, so the results have not achieved the same level of quality. [8] According to Costell and Durán (1982) quoted in, [9] all liquids that are derived from fruits are biphasic systems consisting of solid particles dispersed in an aqueous medium. Some exhibit Newtonian behaviour, but most of them display pseudoplastic flow characteristics, sometimes showing initial flow resistance and/or time-dependent flow.
The literature contains several studies about the rheological characterization of juices and fruit pulps, which employed direct methods to estimate the rheological parameters. For example, [10] [11] [12] and, [13] respectively, studied the rheological behaviour of chocolate, cupuaçu pulp, acerola pulp, and mango pulp, adjusting the experimental data and estimating the rheological parameters based on the mathematical models of Casson, Ostwald-de-Waelle, Herschel-Bulkley, and Mizrahi-Berk, using statistical methods. However, in the field of food processing, few studies have used inverse methods to estimate these parameters.
Rheological parameters can be estimated by direct or inverse methods. [14] Direct methods involve designing an experiment so that the measured values can be expressed by a mathematical function. A mathematical function is used to express the properties directly in the measurement form. Thus, each experiment will allow calculating the value of a single parameter. Inverse methods are more advantageous than direct ones because they allow the maximum possible number of parameters to be estimated based on a single experiment, thereby increasing the accuracy and allowing several experiments to be combined to estimate the same parameters and to determine the confidence intervals. [15, 16] Although researchers in the food engineering process use inverse methods less frequently, a few studies in this area are quoted below.
Silva et al. [17] used an inverse problem with the Levenberg-Marquardt optimization technique in successive trials to study the mushroom drying process. Silva et al. [18] determined the diffusion coefficient of dry mushrooms using an inverse problem with two distinct optimization techniques: Levenberg-Marquardt and Differential Evolution, in successive trials. Monteau [19] used inverse methods to estimate the thermal conductivity of sandwich bread. In 2007, Silva [20] applied inverse methods to estimate the effective mass diffusion coefficient of mushroom Agaricus blazei species subjected to convective drying.
Due to the scantiness of studies involving the estimation of the rheological parameters of fruit pulp using inverse methods, the Levenberg-Marquardt optimization method was implemented in this study and its performance is analysed here. The goals of the study were: (i) a sensitivity study of the parameters of the Mizrahi-Berk consistency index (K M ), the fluid behaviour index (n), and the Mizrahi-Berk square root of the shear stress (K OM ), using the mathematical model of Mizrahi-Berk; and (ii) estimation of these parameters using the Levenberg-Marquardt method, based on the experimental rheograms of mango pulp (Mangifera indica).
Mathematical modelling

Direct problem
The analytical models of non-Newtonian fluids most widely employed in the industry are those derived from the generalized Newtonian fluid model. The Ostwald-de-Waelle (Power-Law) model and the Bingham and Mizrahi-Berk models [21, 22] are the ones most widely employed to describe the nonlinear behaviour of viscosity. These models are described by Eqs. (1)-(3), respectively.
whereτis the shear stress (Pa),τ 0 is the initial shear stress (Pa),Kis the consistency index (Pa.s n ), nis the fluid behaviour index (dimensionless),γ is the shear rate (s −1 ),μ p is the plastic viscosity (Pa.s),K OM is the Mizrahi-Berk square root of the yield stress (Pa 1/2 ),K M is the Mizrahi-Berk consistency index (Pa 1/2 .s n M ), andn M is the Mizrahi-Berk fluid behaviour index (dimensionless).
The equation proposed by Mizrahi-Berk was developed from a model of a particle suspension interacting in a pseudoplastic solvent. According to Pelegrine, [23] this is the model that best fits most pulp, juice, and fruit puree rheograms. Therefore, the Mizrahi-Berk equation (Eq. 3) was adopted with the direct model used in this work.
Inverse method
When estimating parameters by inverse methods, it is extremely important to analyse the sensitivity coefficients. [15] A sensitivity coefficient is obtained from the first derivative of the dependent variable with respect to a parameter of the equation, whereτ γ; β ð Þis the shear stress,β ¼
is the unknown parameter vector of the Mizrahi-Berk equation (Eq. 3), andγ is the strain rate. The sensitivity-coefficient matrix (the Jacobian matrix) of the dependent variable τ is
The sensitivity coefficient as expressed in the direct model reacts to a small perturbation of parameters and allows the importance of this effect on the behaviour of the studied variables to be measured. [15] Eq. (4) can be normalized as follows:
whereX Ã γ; β ð Þis the normalized sensitivity-coefficient matrix for shear stress,τ: The normalized sensitivity coefficients are individually expressed by Eqs. (3 and 5), as follows:
where K M Ã , K OM Ã , and n M Ã are the normalized sensitivity coefficients of parameters K M , K OM , and n M ; respectively. According to Silva, [24] parameter estimation methods involve several approximation techniques. An approximation criterion is a quadratic function composed of one or two objective functions as well as a Bayesian function. In this work, we adopted the ordinary least squares method proposed by. [15] 
where S OLS β ð Þ is the objective function to be minimized, Z γ ð Þ is the shear stress vector obtained experimentally, and τ γ; β ð Þ is the shear stress given by the Mizrahi-Berk equation (Eq. 3). The objective function (Eq. 9) can be minimized by several methods. When the number of unknown parameters is not large, the Gauss method is the most suitable one for nonlinear problems. [15, 25, 26] However, this method can present problems of divergence or oscillation when the sensitivity-coefficient matrix (Eq. 4) is ill-conditioned. In view of this problem, the Levenberg-Marquardt method was adopted, which is an improved version of the Gauss method. [26, 27] For nonlinear problems, from the standpoint of parameter estimation, the iterative procedure used in the Levenberg-Marquardt method is given as follows:
where k is the number of iterations, εis a damper parameter, andωis a diagonal matrix given by
The steps for the solution of Equation [10] are well described by. [26] The iterative procedure begins with an initial guess, β k¼0 , and the vector β ¼ β
is modified at each step until the stop criterion is satisfied:
where N is the number of parameters to be estimated. In this work, N = 3 is the number of parameters to be estimated (K M ; K OM , andn M ); δis a small number (10 -4 was adopted), which represents the convergence relative error; and ζ(<10 -2 ) avoids the situation whereβ k i ¼ 0. The confidence interval for each estimated parameter is determined by the equation proposed by: [15] β est À 2:58:σ β est À Á β est β est þ 2:58:σ β est À Á
where β est is the vector of the estimated parameters and σ β est À Á is the vector of standard deviation of the estimated parameters, as follows:
where I is the number of measurements.
Sensitivity coefficient analysis
Analysis of the sensitivity coefficients is an important part of all inverse problems of parameter estimation. However, some direct models do not allow all the unknown parameters to be estimated simultaneously in a single experiment. [15, 25, 26] From the Mizrahi-Berk model, Eq. (3), the three rheological parameters to be estimated are K M , n M , and K OM . The fluid behaviour index indicates the physical deviation between a non-Newtonian fluid and a Newtonian fluid. The consistency index indicates the degree of resistance to fluid flow. Fluids with a greater consistency have high values of consistency index. [28] The square root of yield stress pertains to the residual stress of the fluid. The physical behaviour of fluids with residual stress is usually explained in terms of their internal structure, which is able to prevent their movement if the shear stress values are lower than the residual stress. [29] 
Materials and methods
The "Espada" variety of Mangifera indica was used in the mango pulp experiment, with soluble solids content ranging from 11°Brix to 12.5°Brix, acidity of 0.35%, and pH of 3.5. Frozen pulp samples were purchased directly from a supermarket in the city of João Pessoa, Paraíba, Brazil.
A HAAKE VT550 rheometer with concentric cylinder geometry was used, which consists of the following subcomponents: HAAKEViscotester 550 and power supply unit, temperature control vessel with sensor system, Pt100 temperature sensor, and stand (see Fig. 1a ). The experiment was conducted at the Fluid Laboratory in the "Recogás" building of the North/Northeast Natural Gas Cooperative Research Network located at the Federal University of Paraíba.
Methods
Before beginning the experiment, the pulp samples (see Fig. 1b ) were thawed slowly under refrigeration temperature, 4-8ºC, in order to minimize the amount of drip and thus ensure that the rheological properties were similar to the non-frozen product. After thawing of the pulp, it was homogenized with a piston highpressure homogenizer. Then it was heated using a thermostatic temperature control system until each sample reached the pre-established temperatures of 20°C, 30°C, or 40°C. Five replicates of the experiment were performed at each temperature. The deformation rate, γ, varied from 0.1 to 400 s −1 , and 40 deformation points were obtained for each studied temperature. For the shear stress data,τ, the average of the experimental points obtained in five replicates at each analysed temperature was used, corresponding to the range of shear rates predefined for the experiment. The deformation points were generated at 30 s intervals.
The operating principle of the rotational rheometer used in the experiment consists of placing the sample in the annular space between the inner and outer cylinders of the device. The rotor is set to a predefined speed (n). The sample then exerts resistance to the rotational motion due to its viscosity, which becomes apparent as a torque value (Md) is applied to the rheometer shaft, as illustrated in Fig. 1c .
Results and discussion
Rheograms
The rheograms of mango pulp at temperatures of 20°C, 30°C, and 40°C were obtained from the average shear stress values in five replicates at each analysed temperature, as shown in Fig. 2 . The experimental rheograms showed the expected behaviour of pulp and fruit purees, as observed by [30] studying the rheological behaviour of mango pulp. These biological materials exhibit a pseudoplastic behaviour, sometimes with initial tension, as reported by [9] and [31] for guava pulp. The curves in Fig. 2 suggest that mango pulp has a pseudoplastic behaviour with initial tension, since the points do not begin at the origin, according to the results obtained by. [9] In Fig. 2 , it is observed that the slopes of the flow curves decrease with increasing shear rate, thus confirming the decrease of apparent viscosity with increasing shear rate. For the shear rate range of 250-300 s −1 some oscillations were observed in the experimental rheograms. This behaviour was probably due to excessive sample volume during the experimental tests. In Fig. 2 , also note that the shear stresses gradually decrease with increasing temperature. In fact, at higher temperatures, the resistance to flow of the fluid decreases with decreasing viscosity, thus resulting in lower torque values in the shaft of the rheometer and consequently lower shear stress values.
Sensitivity coefficient analysis
The sensitivity analysis revealed the influence of parametersK M ,n M , andK OM on the shear stress calculated by the direct model (Eq. 3) and indicated that these three parameters can be estimated simultaneously. Figure 3 a , b, and c shows the normalized sensitivity coefficients (K M Ã , K OM Ã , and n M Ã ) of shear stress (Eqs. 6-8) with respect to parametersK M , K OM , and n M . The temperatures adopted were 20°C, 30ºC, and 40°C, respectively. It was found that the rheological parameter most sensitive to the mathematical model is n M , meaning that it is more easily estimated by the inverse methods. On the other hand, the parameter that showed the lowest sensitivity coefficient was K OM . According to Pelegrine et al., [23] it is difficult to determine K OM conventionally using a rheometer. This parameter is traditionally determined by fitting the mathematical model to experimental data.
An analysis of Fig. 3 indicates that the sensitivity coefficients pertaining toK M andn M show a similar behaviour. This indicates a possible linear dependence between these two parameters. According to Beck and Arnoud, [15] a linear interdependence between two parameters prevents them from being estimated simultaneously, because a change in one parameter or the other causes the same effect on the theoretical response of the direct model. Figure 4 illustrates the ratio between the normalized sensitivity coefficients for the three parameters of the rheological model. These figures show that the resulting curve of the ratio of the normalized sensitivity coefficients ofK M Ã and n M
is approximately constant at about 100 s −1 and 400 s −1 , thus confirming that there is a linear interdependence between K M and n M in most of the shear rate range. Therefore, these two parameters cannot be estimated simultaneously. 
Inverse problem analysis
The analysis of the sensitivity coefficient indicates thatK M and K OM can probably be estimated simultaneously. Therefore, the inverse problem here consists in determining these two parameters of mango pulp based on a rheological experiment. Then M will be considered to be known a priori, since its values were determined experimentally by [31] at the temperatures of 20ºC, 30ºC, and 40ºC.
Because the fluid in question presents a pseudoplastic behaviour, as found for mango pulp, [31] it is known that the exact variation of n M ranges from 0 to 1. Table 1 lists the values of K M andK OM estimated for mango pulp by the solution of the inverse problem (the Levenberg-Marquardt method, Eq. 10), with their respective confidence intervals (Eq. 13). The Levenberg-Marquardt method considers the confidence level of each experimental point used in the estimation, thus enabling one to define the confidence interval of the parameters, which ensures more reliable results. The confidence intervals are in the order of 10 -3 , which is considered satisfactory, since the estimated values presented a variation of only 0.019% around its average value. The low levels of uncertainty also confirm the efficiency and accuracy of the estimation. Figure 5 a , b, and c shows the behaviour of the flow curves of the mango pulp obtained experimentally (Fig. 2) , and also calculated by the Mizrahi-Berk equation (Eq. 3), using the parameters estimated by the Levenberg-Marquardt method (Table 1) at the temperatures of 20°C, 30°C, and 40°C. The figures show a good consistency between the experimental and theoretical curves, and also indicate that the residuals between the experimental and theoretical values are quite small. Note that the residual points are distributed relatively randomly around zero: 0.0253, 0.0435, and 0.0789 Pa for the curves of 20ºC, 30ºC, and 40ºC, respectively. Thus, it can be concluded that the methodology proposed here serves to estimate the rheological parameters.
Conclusions
An inverse problem is solved to estimate the rheological parameters of mango pulp. The direct problem was solved using the Mizrahi-Berk theoretical model, while the problem of nonlinear minimization of squared differences to identify the parameters was solved by the Levenberg-Marquardt iterative method. A sensitivity analysis of the direct model for the rheological parameters was performed. This analysis indicated which parameters can be estimated from experimental data. The rheological parameters ofK OM andK M were estimated at the temperatures of 20°C, 30°C, and 40°C with a small confidence interval. Good consistency was fund between the experimental and theoretical shear rate versus shear stress curves. The residual curves between the experimental and theoretical values were small, in other words 0.0253, 0.0435, and 0.0789 Pa for the curves of 20ºC, 30ºC, and 40ºC, respectively. The knowledge of the rheological behaviour of the materials has its importance due to the physical aspects related to the deformation and flow in the food processing industry. In this context, the inverse method proposed in this work appears as a valuable tool capable of simultaneously estimating the rheological parameters of fruit pulp. 
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